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NONLOCAL ITERATIVE DIFFERENTIAL EQUATIONS UNDER 
GENERALIZED FRACTIONAL DERIVATIVES 


D. VIVEK?, E. M. ELSAYED?* AND K. KANAGARAJAN®? 


ABSTRACT. The objective of this paper is to study the existence and uniqueness of solutions 
of iterative differential equations with nonlocal conditions under w-type fractional derivative 


(or generalized fractional derivative). 


1. INTRODUCTION 


The nonlocal condition can be applied in physics with better effect than the classical initial 
value problem. Nonlocal conditions were initiated by Byszewski [4] when he proved the existence 
and uniqueness of mild and classical solutions of nonlocal Cauchy problems. As remarked by 
Byszewski [5] and Deng [7], the nonlocal condition can be more useful thatn standard initial 
condition to describe some physical phenomena. 

Many recent papers have dealt with the existence, uniqueness and other properties of so- 
lutions of special forms of the iterative fractional differential equations, for example [3, 9, 10]. 
Recently, Kharat and Jagtap [11] have investigated the existence and uniquness of solutions of 
special form of iterative fractioanl differential equations. 

Motivated by [11], in this paper, we consider the class of w-type fractional iterative differential 
equation of the type 


(1) Qa(t) = f(t, (x(t), O<a<1, 
(2) «(0) + g(x) = 20, 


where 2%Y is the -type Riemann-Liouville fractional derivative of order a, f: J x J > J, 
g : C(J, J) > J are continuous functions and t, xo € J = (0,7). 

The aim of the present paper is to prove the existence and uniqueness of solutions of iterative 
differential equations under w-type fractional derivative. The main tools used in our analysis 


are based on the theory of fractional calculus and fixed point theorems. 


'DEPARTMENT OF MATHEMATICS, PSG COLLEGE OF ARTS & SCIENCE, COIMBATORE-641014, INDIA 

2DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE,KING ABDULAZIZ UNIVERSITY, JEDDAH 21589, 
SAUDI ARABIA 

3DEPARTMENT OF MATHEMATICS, SRI RAMAKRISHNA MISSION VIDYALAYA COLLEGE OF ARTS AND SCI- 
ENCE, COIMBATORE-641020, INDIA 

* CORRESPONDING AUTHOR 





E-mail addresses: peppyvivek@gmail.com, emmelsayed@yahoo.com, kanagarajank@gmail. com. 
Key words and phrases. -fractional derivative; nonlocal initial value problem; iterative differential equations; 


existence; fixed point. 
Received 08/08/2021. 


Eur. J. Math. Appl. | https://doi-org/10.28919 /ejma.2021.1.2 2 





2. PREREQUISITES 


First we state some definitions, results and hypotheses which are useful for our analysis. 


Definition 2.1. /// The p-type fractional order integral of the function f of order y > 0 is 
defined by 


(3) IEO = Fy | VOGO -HVT Hds 
where I is gamma function. 
Definition 2.2. /// The p-type fractional order derivative of the function f of orderO<y<1 
is defined by 
w! (4) fy _ls)\"1ds = Lg 
O A= lg) S OCO- ds = E10, 


Let (X,d) be a metric space. A mapping P : X —> X is said to be v-contraction if there 
exists v € [0, 1) such that 


d(Pz, Py) <vd(z,y), Yz,y E€ X. 
If v = 1, then the mapping P is said to be non-expansive. 


Theorem 2.3. /2] Let K be a nonempty closed convex and bounded subset of a uniformly 
Banach space E. Then any non-expansive mapping P : K —> K has at least a fixed point. 


Definition 2.4. /11] Let K be a convex subset of a normal linear space E and let P : K > K 
be a self-mapping. Given an x € K and a real number A € [0,1], the sequence x, defined by 
the formula 


ny1 = (1 — Alin + AP£n, n=0,1,2... 


is usually called Krasnoselskij iteration or Krasnoselskij-Mann iteration. 


Definition 2.5. /11] Let K be a convex subset of a normed linear space E and let P : E > E 
be a self-mapping. Given an x E€ K and a real number Am € [0,1], the sequence x, defined by 
the formula 


Enyi = (1 — An)En + Anes n= 0,1,2,... 


is usually called Mann iteration. 


Edelstein [8] proved that strict convexity of E suffices for the Krasnoselskij iteration converges 


to a fixed point of P. 


Lemma 2.6. /6/ Let K be a convex and compact subset of Banach space E and let P: K > K 
be a non-expansive mapping. If the Mann iteration process x, satisfies the assumptions 

(a) x, E€ K for all positive integers n, 

(b) 0< A, <b <1 for all positive integer n, 


(c) Denno An = ©. 
Then x, converges strongly to a fixed point of P. 
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Lemma 2.7. /6/ Let K be a closed bounded convex subset of a real normed space E and 
P : K —> K be a non-expansive mapping. If I — P maps closed bounded subset of E into closed 
subset of E and xy, is the Mann iteration with An satisfying assumptions (a)-(c) in Lemma 2.6, 
then £n converges strongly to a fixed point of P in K. 


Let C(J, J) be the Banach space of all continuous functions from J into J endowed with the 
norm ||z|| = sup {|z(¢)|:¢ € J}, M; = max {t, T — t} and 


Cray = fa: belt) = a(t) < pr OED- WEE)", Wite E> of. 


It is clear that Cta: is a nonempty convex and compact subset of the Banach space (C[J], ||-||). 
For the convenience, we list the following hypotheses used in our further discussion. 


(H1) For all t, £1, £2 € J there exists a constant l > 0 such that 
|f (t, x1) — f(t, z2)| < l lar — z2], 
and a constant lọ > 0 such that 
lgl) — g(22)|| < ly [lea — a2]. 
Also for arbitary x € C(J, J), there exists a constant N > 0 such that 
Ilg(@)|| < N. 


(H2) If there exist a constant L such that |x(t,) — z(t2)| < nOA |(ab(t1)) — (w(te))|* then 





pein 


M = max{|f(t,z)|:(¢,2) E€ J x J} < R 


(H3) One of the following conditions holds: 
(a) uMyor < < M,,, where M,, = max {zo + N,T — (a + N)}; 
(b) zo- N =0, MYOR <T — (zo + N), f(t, > 0) for all t,x € J; 
(c) zo- N =T, MES < zo- N, f(t,x) > 0 for all t,x € J, 
(H4) zo + N < FEDT, 0# to € J, ô € (0,1). 
(H5) If there exist a constant L such that |x(t,) — x(te)| < MEEN |(ab(t1)) — (wW(te))|* then 
M = min {2,4 5 














3. MAIN RESULTS 


In this section,we state and prove results related to existence and uniqeness of solutions of 
iterative differential equations under w-type fractional derivative. 


Theorem 3.1. Suppose that hypotheses (H1)-(H3) are satisfied and 
(WT) L 

5 l 1| <1 

P {4+ KO Mero ~ 


then there exists at least one solution of the system (1)-(2) in Cray which can be approximated 
by the Krasnoselskij iteration 





tai = (1—d)atye + Atty — Agla may f o ~ ((s)))* f(T, za(£n(t)))dr, 


where A € (0,1) and x E Cray ts i 
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Proof. Consider the integral operator P : Cta; —> C(J) defined by 


Pat) = zo + ole) +o | Y (8) (WE) — (8) FC, anlan(t)))dr, te J. 


Any fixed point of the equation x = Pz is a solution of initial value problem (1)-(2). 
First we show that Cz a; is invariant set with respect to P, i.e., P(C aw) C Crazy. Making 
use of hypothesis (H3)(a), we have 

















Pe) Saat lola + Ro / WP (s) VE) — WE fan (tn (t)))dr 
((T))" 
< Xo F g(x) TT T(a+1) 
< To + g(x) + Mro 
< (W(T)) 


and 





Pezas h= a / W (s) (W(t) — ((S)))°! FCT, talealt))) dr 
L DE ur 
< xo + |g(x)| — Mz, > 0. 








Thus Px(t) € J, t€ J. 
Similarly, we get the result using hypotheses (H3)(b) and (H3)(c). 
Using hypotheses (H2), for every t1,tz2 € J, we obtain 


\(Px)(t,) — (Px)(ts) 
-l5 [ vowe )) = (VCT) FC, en(an(t)))a 
= T(a) : S 1 F T, Tn Tn T 


1 a ai 
a W (s) ((Y(t2)) — WT) £7, Bn (Wn (t)) ar 
|(w(t1)) — Vt)? 








SM Tatl) 
|(w(t1)) — Wt)? 
se" Tetl) 


Hence Px € Gra, whenever £ E€ Crow: Therefore, P : Crag > Crags 1e, P is a self 
mapping. 
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Using hypotheses (H1) for x,y E€ Cray and t € J, we have 


|(Px)(t) — (Py) (t)| 
< |lg(x) — oy) I 


1 g 1 a-l 
‘ rem [8 oe) — WON Fe alealO))ar 
1 i 1 a—l1 
-aig | VOM) - WAD Fr Wal) 














< lg |x — yl + Ta) ni = (Y(7))) F(T, 2n (En(t))) — F(T Yn(Yn(t))I d7 
<ly le = all + ee f VO (HH) = WT eet) -vd 
a xz — y| 

af Y (s = (W(7)))™ [le(@(7)) = z(y(T))| + lz(y(7)) — y(u (T))|] dr 





sf ype 


Now, by taking supremum we get, 


KPa- Pol < fy SOM |] hel. 





Tia +1) [T(at+1) 


In view of eae (5) 








(i) if fi, + n Fes + 1 \ < 1, then P is a contraction mapping and hence by Banach 
fixed point theorem equation (1)-(2) has a unique solution. 








(ii) if {iy + ay Fees Tarn + 1 = 1, then P is nonexpansive and hence it is continuous. 
Thus Theorem 2.3 implies that equation (1)-(2) has a solution in Cz ax. 











Finally, by applying Lemma 2.6 and Lemma 2.7, we obtain the second part of the theorem. 





Next we estabilish the solution of equation (1)-(2) in a subset of Cz œ; defined by 


d(w(t))° 
CL as = fa E€ Crass : x(t) < Poen for all tE J ; ô E (0, 1). 


It is clear that Cza, is non-empty, convex and compact subset in C(J). 


Theorem 3.2. Assume that hypotheses (H1), (H3)-(H5) are satisfied. If 


ba = {ly + PO (acca lt ~ cera) = #0) 


+5 leap(a(6 = DO) = expla( (ta) = v(e))I) } 
(6) <I, 





then there exists at least one solution of the system (1)-(2) in CL a: 5 which can be approximated 
by the Krasnoselskij iteration 


tng = (1 — À)£n + ty — gl af one ~ (b(7)))°? f(r n(n (€))) dr, 
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where  € (0,1) and x, € CL ax, ts arbitrary. 
Proof. Let C(J) be the Banach space endowed with the Bieleckis norm given by the formula 
lella = max {||x(¢)|| exp(—a(h(t) — b(to))), a > 0, t > tof 


Let P be defined as in the proof of Theorem 3.1, by assumptions (H1), (H3)-(H5), it is sufficient 
to prove that, if £ E€ Crows then Pr E€ Crews. 
For x € CL aw, and t € J, we have 








Pr(t) < ro+ N + ue 
y a MUH) = Wo) + Mo) 
Sn a+ 1) 
d(w(t))* 
<oaay '>% 


This shows that Px € CL a, and hence Caw, is invariant under P. 
Now, for x,y € CL aw, and t € J, we get 
(Px) (t) — (Py) 
< llg(z) — gW) 


1 t n 
tle | w (8) (HE) — W(7)))° Fr, tn (tn (t)) dr 








ay fe MMOH) = CED Fratelli 
< ig|lx— yl 
+ EI") FE eO -vol latte) vl) ar 








< {lyexr(a((56(0)) = (Ct) + AOE (| Ea — #(to))) = 1) 





+ lexr(a(d(t) = Vlto)) ~ expla(t) - w(t))I) i le — alls 
Hence, 
\(Px)(t) — (Py 


~&) 
- [i ae 


(t)| exp(—a((t) — Y(to))) 


T (me jy  — erpa = (¢0))) 


u S 





1 
+5 lezpla(ð — DWH) ~ erpat) -WO) b le vlla. 
Now, by taking maximum in the last inquality, we obtain 
| Px- Pyll_ < Lı ||x — yl|s - 


In view of equation (6) 


(i) if Ly < 1, then P is a contraction mapping and hence by Banach fixed point theorem 
equation (1)-(2) has a unique solution in Cz a;y,5- 
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(ii) if Lı = 1 then P is nonexpansive and hence it is continuous. Thus Theorem 2.3 implies 
that equation (1)-(2) has a solution in Cra... 
Finally, by applying Lemma 2.6 and Lemma 2.7, we obtain the second part of the theorem. 











This completes the proof. 
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